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Abstract. Intrinsic and Rashba spin-orbit interactions in strained graphene is studied within the tight-
binding (TB) approach. Dependence of Slater-Koster (SK) parameters of graphene on strain are extracted
by fitting the ab initio band structure to the TB results. A generalized low-energy effective Hamiltonian
in the presence of spin-orbit couplings is proposed for strained graphene subjected to an external per-
pendicular electric field. Dependence of the modified Rashba strength and other parameters of effective
Hamiltonian on the strain and electric field are calculated. In order to analyze the influence of the applied
strain on the electronic properties of the graphene, one must take into account the lattice deformation,
modifications of the hopping amplitudes and shift of the Dirac points. We find that using the strain it is
possible to control the strength of Rashba and intrinsic spin-orbit couplings as well as energy gap at the
shifted Dirac points. Meanwhile, the strain slightly modifies the topology of low-energy dispersion around
the Dirac points. We describe the SOCs induced energy splitting as a function of strain.
PACS. 73.22.-f Electronic structure of nanoscale materials and related systems – 71.70.Ej Spin-orbit
coupling, Zeeman and Stark splitting, Jahn-Teller effect 71.70.FkStrain-induced splitting
1 Introduction
Graphene has been the subject of intense investigations
due to its outstanding electronic and mechanical proper-
ties [1]. The most notable electronic property of graphene
is its linear gapless energy dispersion around the so called
Dirac points (K and K ′ points) at low energy regime.
However, it has been shown that spin-orbit couplings (SOCs)
in graphene, slightly change the gapless linear band struc-
ture of graphene and can open up an energy gap at the
Dirac points [2]. The magnitude of the intrinsic spin-orbit
induced gap has been the subject of discussions by re-
searchers of this filed [2,3,4,5,6,7]. Applying an external
electric field perpendicular to the graphene sheet causes
Rashba type SOC which can be regarded as external SOC.
Although the spin-orbit interaction in the graphene is
weak [8], it plays an important role in the half integer
quantum Hall effect, spintronics and spin dependent prop-
erties [9,2,7,10,11].
Another attracting field in the graphene research is the
strain induced effects on the electronic properties. Elec-
tronic structure of strained graphene has been studied by
several authors [12,13,14,15,16]. Strain modifies the elec-
tronic properties of graphene. For instance, strain changes
the position of the Dirac points and hopping amplitude
[17]. Investigating the SOCs in strained graphene is the
subject of the present study.
Intrinsic spin-orbit coupling-induced band gap of the
graphene under strain has been studied by B. Gong et
al. using ab initio calculations and tight-binding (TB)
method [18]. They have used Harrison’s expression to for-
mulate the dependence of the hopping parameters on strain,
where they showed that the energy gap has a monotonic
increasing dependence on the strain. Meanwhile, within
the most of research in this field, the hopping amplitude
is assumed to be modified as a result of the change in
atomic distances and the lattice deformation which de-
termines the neighboring orbitals orientation is not con-
sidered. However, in the case of uniaxial strains, orbitals
reorientation must be taken into account. An effective
Hamiltonian of intrinsic SOC for strained graphene has
been extracted by employing the method of invariants and
ab initio calculations in the vicinity of Dirac points at
very small strains [19]. In another work by G. S. Diniz et
al. manipulation of the quantum anomalous Hall effect in
graphene as a result of the applied strain has been studied
[12].
In this article we have studied the intrinsic and Rashba
spin-orbit interactions in the strained graphene using a
TB model within the subspace of s and p orbitals at
low-energy regime[2,20,21,8]. It has been shown that the
strain accountably changes the strength and functionality
of the spin-orbit interactions. Present study has been lim-
ited to in-plane uniaxial strains in the range of -20% to
20% which was assumed to be applied in either zigzag or
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armchair direction. In order to study the electronic prop-
erties of strained graphene both the lattice deformation
and dependence of the hopping parameters on strain must
be taken into account. In addition as shown in the next
sections unlike the homogeneous strain, uniaxial strain
could change the neighboring orbitals orientation which
can change the hopping and therefore hopping related pa-
rameters such as Rashba coupling strength. At the first
step one has to parameterize the dependence of the hop-
ping amplitudes on the applied strain. Then, TB Hamilto-
nian in the presence of strain and SOCs can be expressed
as an effective low energy Hamiltonian at shifted Dirac
points. Lo¨wdin method have been employed to extract
the effective low-energy Hamiltonian at the shifted Dirac
points [3,22]. Due to the similar nature of the Dirac ma-
terials it is expected that the present approach could be
extended to study of other honeycomb structures such as
stanene, germane and silicene. [23,24,21].
2 Graphene in the presence of strain:
2.1 Tight-Binding model of graphene
Two-center Slater-Koster (SK) nearest-neighbor TB method
[25] has been employed with s and p orbitals to calculate
the electronic structure of strained graphene at low-energy
scheme in which the intrinsic and external spin-orbit cou-
plings have been considered. In the unstrained graphene
nearest-neighbor atoms are connected by three vectors
d01 =
a0
2
(
√
3, 1),d02 =
a0
2
(−
√
3, 1),d03 = a0(0,−1), (1)
where a0 = 1.42A˚ is the carbon-carbon distance in un-
strained graphene. Strained and unstrained graphene lat-
tice and nearest-neighbor vectors have been shown in Fig.1.
We choose the x axis in a way that is parallel to the zigzag
direction of honeycomb lattice. In the nearest-neighbor
TB model for uniaxially strained graphene in the absence
of SOCs, Hamiltonian matrix elements are given by
HABl,m(k) = H
∗BA
m,l(k) =
3∑
i=1
tl,m(di)e
ik.di , (2)
HAAl,m(k) = H
BB
l,m (k) = Elδl,m. (3)
Here, A and B refer to different sublattices, k is the
wave vector, di represents the nearest-neighbor position
vector in the strained lattice as shown in Fig. 1, tl,m(di)
are the hopping matrix elements between l and m or-
bitals in the nearest i’th neighbor site and El is the en-
ergy of l’th orbital. We should notice that in the strained
graphene tl,m(di) and di depend on strain tensor . The
relation between hopping matrix elements and SK param-
eters Vpppi, Vppσ, Vspσ and Vssσ are listed in Table 1. Since
in general orbitals in the neighboring atoms are not or-
thogonal, we need to include non-zero overlap parame-
ters, Slm, in the computational approach. However, at the
Fig. 1. (Color online) (a) Unstrained Graphene lattice (b)
Zigzag strained graphene lattice. d0i and di refer to the
i’th nearest-neighbor vectors in the unstrained and strained
graphene respectively.
Table 1. Hopping matrix elements between s and p orbitals
in terms of two-center SK parameters Vµ along the unit vector
(nx, ny, nz)
ts s tx,x n
2
xVppσ + (1− n2x)Vpppi
tp p ty,y n
2
yVppσ + (1− n2y)Vpppi
ts,s Vssσ tz,z n
2
zVppσ + (1− n2z)Vpppi
ts,x nxVspσ tx,y nxny(Vppσ − Vpppi)
ts,y nyVspσ tx,z nxnz(Vppσ − Vpppi)
ts,z nzVspσ ty,z nynz(Vppσ − Vpppi)
Dirac points it is possible to neglect the overlap parame-
ters for simplicity [5,2].
Without taking into account the spin degree of free-
dom, TB Hamiltonian of graphene in the absence of SOC
(by considering one s and three p orbitals of the outer
shell of carbon atoms) can be represented by 8× 8 block-
diagonal matrix containing a 2 × 2 pi block and 6 × 6 σ
block which result in pi and σ bands respectively. s, px
and py orbitals results in σ bands while the other out-
of-plan pz orbitals create pi bands. In the vicinity of the
Dirac points the electronic properties can be described
by pi block that causes Dirac-type Hamiltonian. Spectrum
of this Hamiltonian is gapless and linear which results in
Dirac cones [1]. Following many other previous articles [2,
20,21,3,8] in the present study the sp based TB model has
been considered to study the SOCs in strained graphene.
However, some authors propose using d orbitals as well
as s and p orbitals to analyze SOCs in graphene [5,6]. As
they discussed using d orbitals results in intrinsic gap of
the order of 25 µeV while in sp model intrinsic gap of
unstrained graphene is about 1 µeV as calculated in the
present paper for unstrained graphene. Meanwhile, they
have reported that the Rashba coupling is dominated by
the s and p orbitals, namely, pi − σ coupling [5].
For a two-dimensional structure strain tensor is given
as
 =
(
xx xy
xy yy
)
, (4)
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in which the uniaxial strain tensor can be written as fol-
lows [13]
 = 
(
cos2θ − νsin2θ (1 + ν)cosθsinθ
(1 + ν)cosθsinθ sin2θ − νcos2θ
)
, (5)
where θ is the angle between the direction of strain and
x axis and ν ≈ 0.14 is the Poisson’s ratio.[26,14]. The
relation between the displacement vectors of the nearest
neighbor atoms in the unstrained and strained graphene
can be written as
di = (I+ ).d
0
i , (6)
where I is the 2× 2 identity matrix.
It should be noted that applying a strain in some sit-
uations (for example uniaxial strains larger than 20% in
a given specific direction) can open up a gap in the low-
energy spectrum of graphene[27,16]. However it is not the
case for strains  ≤ 0.2 as in our work.
2.2 Slater-Koster Parameters
By fitting the numerical results of the TB method to the
ab initio calculations we can deduce the hopping and over-
lap parameters of graphene. The ABINIT package has
been employed for non-relativistic ab initio calculations
of strained and unstrained graphene [28,29], where the
band energy of the single layer graphene has been ob-
tained for different strains in order to calculate SK pa-
rameters and dependence of these parameters on strain.
A 32×32×1 Monkhorst-Pack [30] mesh grid has been em-
ployed in the first Brillouin zone sampling for discretiza-
tion of the Kohn-Sham equations. A vacuum space of 30
Bohr is placed to avoid atomic orbital overlap between the
given monolayer and its periodic images. Meanwhile, lo-
cal density approximation (LDA) has been considered for
exchange-correction energy functional. This is necessary
for eliminating the interaction between the periodic layers
which are generated in the plane-wave based solutions of
the Kohn-Sham equations. Maximal kinetic energy cut-off
is 50 Hartree. It should be noted that the given parameters
result in proper convergence of the total energy.
We have focused on low-energy effective Hamiltonian
around the Dirac point, therefore, the fitting calculations
have been performed in the vicinity of Dirac points. Fig.2
presents ab initio and TB band structure of unstrained
graphene in the range of points in the k-space in which the
TB energy bands has been given using the optimized pa-
rameters from the first-principle calculations. As shown in
this figure the band energies in the path Γ -K-M contain-
ing the K point (Dirac point) are in good agreement with
the ab initio calculations. However, it should be noted
that some of the upper conduction bands given by ab ini-
tio approaches cannot be fitted to TB results [31]. The
results of the present numerical calculation for SK param-
eters have been compared with two other reports Refs. [5,
2] as shown in Table 2. As can be seen in this table, our
results are at the same range of the other reports and it
Fig. 2. (Color online) Unstrained graphene band structure
using ab initio calculations (diamonds) and TB method (solid
lines). Calculations have been carried out in the vicinity of the
Dirac point along the Γ -K-M direction.
is clear that the TB parameters and band structure that
have been obtained in the present study show a better
coincidence with the result of the Ref. [5]. The slight dif-
ference may be originated from the fact that the fitting
range in the current work lies around the Dirac point in-
stead of all high-symmetry points of the Brillouin zone.
2.3 Dependence of hopping parameters on strain
SK hopping parameters in the strained graphene depend
on the magnitude and direction of the strain. The varia-
tion of the SK hopping parameters with the strain can be
modeled by an exponential relation [27,12,13] such as
Vµ(d) = V
0
µ exp(−βµ(
|d|
a0
− 1)), (7)
where Vµ and V
0
µ are the SK parameters of type µ in
the strained and unstrained graphene respectively, βµ is
a parameter that characterizes the influence of the strain
on the SK parameters and must be determined for each
SK parameter separately. Parameter β for pi band have
been calculated by some authors and can be estimated as
βpppi ∼ 3 [17,27,13]. In the current work numerical val-
ues of the parameter β for all SK parameters (hopping
amplitudes and overlap parameters) that needed in the
present approach have also been estimated. As mentioned
within the current approach it is possible to extract other
β parameters by fitting the ab initio and TB results for
strained graphene. Results have been shown in Table 2 and
Fig.3. The value for βpppi are in good agreement with the
values of Refs.[13,27] and [17]. Some authors have studied
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Table 2. Slater-Koster parameters of unstrained graphene. Comparison between our results and other references. (a) Present
results (b): Ref.[5] (c): Ref.[32]. ∆ = εp− εs. Present values are calculated by fitting the TB results to the ab initio calculations
in the vicinity of the Dirac point
Parameter Vssσ Vspσ Vppσ Vpppi ∆
Energy(eV )a -5.71 5.42 6.20 -3.07 -8.37
Energy(eV )b -5.729 5.618 6.05 -3.07 -8.37
Energy(eV )c -6.769 5.58 5.037 -3.033 -8.868
Parameter Sssσ Sspσ Sppσ Spppi
V aluea 0.10 -0.170 -0.140 0.07
V alueb 0.102 -0.171 -0.377 0.07
V aluec 0.212 -0.102 -0.146 0.129
Fig. 3. (Color online) Graphene band structure under zigzag
strain of 5% using ab initio calculations (diamonds) and TB
method (solid lines). Calculations have been carried out in the
vicinity of the shifted Dirac point (KD) along the Γ -K-M di-
rection in the distorted reciprocal space. Note that, the point
K is the corner of the strained Brillouin zone and not the Dirac
point.
the relation between the other SK parameters and the
modified atomic separation [33,34]. It is worthwhile to
compare those results with the numerical results of the
present work.
3 Spin-orbit couplings in the graphene
Intra-atomic spin-orbit interaction term in the graphene
structure can be written as [21]
HSO = ξL.s, (8)
where ξ ∼ 6meV is the spin-orbit coupling constant among
the p orbitals [2], L is the angular momentum opera-
Table 3. β parameters calculated by fitting the TB results
to the ab initio calculations. β and β′ refer to hopping and
overlap parameters respectively
Parameter βssσ βspσ βppσ βpppi
Value 3.17 1.82 1.47 3.104
Parameter β
′
ssσ β
′
spσ β
′
ppσ β
′
pppi
Value 2.72 1.28 0.77 2.11
tor and s stands for the spin of electron. Considering
HAASO = H
BB
SO and H
AB
SO = 0, it is possible to deduce all
on-site SOC Hamiltonian matrix elements.
In the presence of an external electric field which ap-
plied perpendicularly to the graphene sheet, the contribu-
tion of the Stark effect can be considered as
HStark = −eEzˆ, (9)
where e is the electron charge, E is the strength of the
electric field and zˆ is the position operator along the z
axis. The only non-zero elements of the Stark Hamilto-
nian matrix are on-site coupling between s and pz orbitals
which can be written as 〈pz|HStark|s〉 = eEzsp, where zsp
is the electric dipole transition between s and p orbitals
[5]. This electric field which can be originated from a gate
voltage, breaks the inversion symmetry in the graphene
plane. Now we can write down the HStark +HSO matrix
in the subspace of the following basis:
{pz ↑, pz ↓, s ↑, s ↓, px ↑, px ↓, py ↑, py ↓}
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as given by
HStark +HSO =
1
2
ξ

0 0 ES 0 0 −1 0 i
0 0 0 ES 1 0 i 0
ES 0 0 0 0 0 0 0
0 ES 0 0 0 0 0 0
0 1 0 0 0 0 −i 0
−1 0 0 0 0 0 0 i
0 −i 0 0 i 0 0 0
−i 0 0 0 0 −i 0 0

,
(10)
In which ES =
2
ξ eEzsp.
4 Spin-orbit couplings in strained graphene
4.1 Generalized effective Hamiltonian
In this sections the spin-orbit couplings in the strained
graphene have been studied at low-energy regime. Because
the intrinsic SOC in graphene is weak (that can be inferred
from the small SOC constant ξ in the graphene), it can
be regarded as a perturbation in the TB Hamiltonian [8].
The total Hamiltonian of the system reads
H = H0 +HSO +HStark, (11)
H0 stands for the TB Hamiltonian of strained graphene
without SOCs. This Hamiltonian can be divided into four
blocks
H=
(
Hpi T
T † Hσ
)
. (12)
Hpi denotes the pi band block, Hσ describes the σ band
and these two blocks coupled by T block which depends
basically on the SOC. The representation basis of Hpi is
{Apz ↑, Apz ↓, Bpz ↑, Bpz ↓}, while the basis set of Hσ is
{As ↑, As ↓, Apx ↑, Apx ↓, Apy ↑, Apy ↓, Bs ↑, Bs ↓, Bpx ↑
, Bpx ↓, Bpy ↑, Bpy ↓} the directed atomic orbitals. By
performing the Lo¨wdin partitioning on the Hamiltonian,
one could obtain the 4 × 4 effective strain modified SOC
Hamiltonian at the shifted K(K ′) points.
In the strained graphene the 4×4 effective SOC Hamil-
tonian at the Dirac points can be calculated which finally
could be proposed at the following form:
Heff = (δSO − λSO)1σs + λSOτσzsz + (λR − δR)τσxsy
−(λR + δR)σysx − δ0τ1σsy, (13)
in which τ is the valley index, 1σs ≡ 1σ ⊗ 1s is the 4× 4
identity matrix, 1σ and 1s are the 2×2 identity matrices in
pseudospin and spin spaces respectively. λSO, λR, δSO, δR
and δ0 are strain dependent parameters of effective SOC
Hamiltonian at the Dirac points. A given term like σαsβ
is a short notation of σα ⊗ sβ . This effective Hamiltonian
can be regarded as a generalized form of the Hamiltonian
represented by Ref.[2]. In the absence of strain δSO, δR
and δ0 parameters vanish identically. The magnitude of
λSO and λR in the strained graphene is different form
their unstrained values (λ
(0)
SO and λ
(0)
R ). In the basis set of
{Apz ↑, Apz ↓, Bpz ↑, Bpz ↓} the matrix elements of this
effective Hamiltonian (for τ = −1) can be represented as
Heff =
 δSO − 2λSO −iδ0 0 2iλRiδ0 δSO 2iδR 00 −2iδR δSO −iδ0
−2iλR 0 iδ0 δSO − 2λSO

(14)
First term in Eq.13 indicates a strain dependent constant
energy shift which could be scaled out in the numerical
calculations. Second term stands for strain modified in-
trinsic SOC. Third and forth term represent the general-
ized Rashba interaction. Note that the unstrained Rashba
coupling has been given by H
(0)
R = λ
(0)
R (τσxsy − σysx),
where λ
(0)
R = λR( = 0). By making a comparison between
the strained and unstrained Rashba interactions, it can
be realized that unlike the symmetric form of the Rashba
interaction in the unstrained sample, uniaxial strain de-
forms the Rashba interaction asymmetrically. This asym-
metry characterizes by δR which measures the difference
between the spin-flip hopping amplitudes of x and y direc-
tions. Uniaxial strain emerges a new term that character-
izes by the coupling strength of δ0. This term corresponds
to the intra-sublattice spin-flips (|Apz ↑〉 ↔ |Apz ↓〉 or
|Bpz ↑〉 ↔ |Bpz ↓〉) transitions.
In the unstrained graphene (where δR, δ0 and δSO are
zero) it can be realized that the Rashba interaction is re-
sponsible for |Apz ↑〉 ↔ |Bpz ↓〉 and |Apz ↓〉 ↔ |Bpz ↑〉
transitions in K and K ′ Dirac points, respectively. How-
ever, one can figure out that the uniaxial strain makes
both of these transitions possible at either of Dirac points.
Meanwhile, Rashba coupling strength itself, exponentially
increases by positive strains as can bee seen in Figs. 5 and
6.
In addition, as can be seen in the Fig.4 strain induces
indirect gap in the system. To formulate the k dependence
of the effective Hamiltonian we have to add the spin-orbit
coupling independent part of the effective Hamiltonian. If
we use the approximate form of this part as (σ.(1σ + −
β).k)1s which proposed in Ref. [17] energy bands near
the Dirac points can be formulated as
Ek ' λ1 + ν
√
(~υF |q| − µδ0)2 + λ22, (15)
υF is the Fermi velocity of the unstrained graphene, µ, ν =
±1, q = (qx, qy) and
qx = (1 + xx − βxx)kx + (xy − βxy)ky,
qy = (1 + yy − βyy)ky + (yx − βyx)kx,
λ1 = µ(λR − δR)− λSO + δSO,
λ2 = λR + δR − µλSO.
(16)
In the limit of  = 0 mentioned band energy differs from
the relation represented by Refs. [6,35] by only a constant
value.
The linear energy spectrum of graphene around the
Dirac points will not survive in the presence of SOC [5].
The energy spectrum of the system is reshaped into parabolic
bands with a small energy gap as a result of SOC. By ap-
plying the transverse electric field, conduction and valence
bands splits into four spin resolved bands.
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Fig. 4. Tight-binding energy spectrum of (a) unstrained and (b) +20% zigzag strained graphene by taking into account the
both intrinsic and external SOCs generated by a perpendicular electric filed of E = 1V/nm.
4.2 Dependence of the effective Hamiltonian on the
electric field and strain
Dependence of Rashba or intrinsic SOC strengths (λR and
λSO) on inter-atomic distance is studied by some authors
[5,35]. This could describe the influence of homogeneous
strains on spin-orbit couplings. In some other studies the
intrinsic SOC as a function of strain have been investi-
gated using first principle and symmetry based invariance
approaches [19,18] .
In order to extract a general expression for the depen-
dence of low-energy effective Hamiltonian on strain and
external electric field it should be noticed that because
the graphene is not intrinsically piezoelectric [36], the in-
fluence of the electric field and strain can be considered
independent of each other. In other words, perpendicular
electric field does not induce strain and strain cannot in-
duce perpendicular electric filed. Therefor, one can write
the Hamiltonian parameters as F (E)S() in which F and
S represent the electric field and strain dependent parts of
a given relation, respectively. Dependence of the effective
Hamiltonian parameters on strain and electric field at the
Dirac points has been summarized as fitted analytical re-
lations in Tables 4 and 5 for zigzag and armchair strains,
respectively.
The dependence of effective Hamiltonian on strain has
also been investigated by fixing the external electric field
in typical available value of E = 1V/nm [35,5]. This De-
pendence can be analytically formulated by fitting expo-
nential or quadratic functions to the numerical results as
depicted in Fig 5 and Fig 6. Fitted functions has been
characterized in Table 4 and Table 5.
By increasing the tensile strain, λSO exponentially in-
creases but compressive strain cannot change the λSO con-
siderably. With a +20% strain λSO increases up to 80%.
Meanwhile, λR increases by increasing the tensile strain up
to 68%. This parameter does not show considerable change
for compressive zigzag strain (variation is less than 7%).
By increasing the tensile zigzag strain, δR increases up to
3µeV . In addition, δR increases by compressive armchair
strain up to 1.8µeV . However, as shown in Figs. 5 and
6 compressive zigzag and tensile armchair strains cannot
cause considerable change in the δR value. In the strain
range of −20% to +20% δ0 shows approximately linear
change from 2µeV to −3µeV for zigzag strain and from
−2µeV to +3µeV for armchair strain. Parameters λR, δR
and δ0 are proportional to external electric field. This fact
can be compared with linear dependence of Rashba pa-
rameter λ0R on electric filed in the unstrained graphene as
reported by other authors [5,6,35,2,8].
4.3 Intrinsic Gap at zero electric field (E = 0)
The dependence of intrinsic SOC induced gap on the strain
in the absence of external electric field has been obtained
in the present investigation. There are different reports
about the estimated value of intrinsic SOC gap at Dirac
points [5,2]. It should be noticed that the intrinsic gap is
given by ∆SO = 2λSO when the Rashba coupling is zero
(E = 0) even in the strained graphene. Accordingly, same
as λSO intrinsic gap has an exponential dependence on
the strain. As it can be seen in Figs.5 and 6 for negative
(Compressive) strains intrinsic band gap approximately
remains constant. It can be inferred from the above re-
lation that the intrinsic gap can be increased up to the
80% by a strain of +20%. In addition one can obtain that
intrinsic gap in unstrained graphene is 1.14 µeV same as
previous results [2,3].
4.4 External gap in the presence of the vertical
electric field (E 6= 0)
As discussed before, in the presence of a transverse exter-
nal electric field there will be a Rashba-type SOC in the
graphene. In the absence of strain for λR > λSO, SOC in-
duced energy gap falls to zero [6,2,7]. However, results of
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Fig. 5. (Color online)Dependence of effective Hamiltonian parameters on zigzag strain. Solid lines refer to the fitted curves and
diamonds show values derived by TB method
Fig. 6. (Color online)Dependence of effective Hamiltonian parameters on armchair strain. Solid lines refer to the fitted curves
and diamonds show values derived by TB method
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Table 4. Dependence of the effective Hamiltonian parameters (in the unit of µeV ) on zigzag strain and perpendicular electric
field (in the unit of 1V/nm).
range of strain  ≤ 0  ≥ 0
δSO(, E) 0.43E
2(1− e−9.78xx) 0.18E2(1− e21.05xx)
δR(, E) E(1.3xx + 8.7
2
xx) −0.09E(1− e16.98xx)
range of strain −0.2 ≤  ≤ 0.2
λSO(, E) 0.48 + 0.09e
9.1xx
δ0(, E) 2.43E(1− e4.4xx)
λR(, E) E(5.27 + 0.26e
13.45xx)
Table 5. Dependence of the effective Hamiltonian parameters (in the unit of µeV ) on armchair strain and perpendicular
electric field (in the unit of 1V/nm).
range of strain  ≤ 0  ≥ 0
λR(, E) E(5.57 + 6.03yy + 39.27yy) E(4.89 + 0.64e
7.33yy )
δSO(, E) 0.23E
2(1− e−17.12yy ) 0.34E2(1− e12.70yy )
δR(, E) −0.12E(1− e−13.53yy ) E(−1.5yy + 9.92yy)
range of strain −0.2 ≤  ≤ 0.2
λSO(, E) 0.47 + 0.1e
7.92yy
δ0(, E) −6.5E(1− e1.66yy )
the present study show that even in this condition energy
gap could be induced by uniaxial strain.
By analyzing the eigenvalues of effective Hamiltonian
in the minimum of conduction band and maximum of va-
lence band we can represent the relation between external
energy gap and effective Hamiltonian parameters as
Egap =

2(λSO − λR − δR) λR ≤ λSO − δR
2(λR + δR − λSO) λSO − δR ≤ λR ≤ λSO + δR,
4δR λSO + δR ≤ λR
(17)
where it can be noticed that if δR < 0 we have Egap = 0
and the gap is proportional to the external electric field
for λSO + δR ≤ λR.
Fig.7 shows the calculated energy gap of the strained
graphene in the presence of external transverse electric
field with typical value of 1V/nm. It is obvious that a
+20% zigzag strain can induce a splitting of order 10µeV .
We see that for zigzag strain, energy gap increases ex-
ponentially with increasing the amount of tensile strain
while, for armchair strain the energy gap increases with
increasing the amount of compressive strain. The band
gap for the compressive zigzag strain and tensile armchair
strain is negligible. By fitting the TB results to expo-
nential function in the presence of 1V/nm electric field
it is possible to model the dependence of the band gap on
strain in the specified strain range as
Egap() = 0.36(e
16.98 − 1)(µeV ),
zigzag strain , 0 6  6 0.2 (18)
Egap() = 0.48(e
−13.53 − 1)(µeV ),
armchair strain,−0.2 6  6 0. (19)
As it can be inferred these relations are in agreement with
the general band gap expression given in Eq. [17] when
λSO + δR ≤ λR.
CONCLUSIONS
We have proposed a generalized low-energy effective Hamil-
tonian for the intrinsic and Rashba spin-orbit couplings in
uniaxially strained graphene. By taking into account the
deformation effect on Slater-Koster parameters we have
formulated the strain modified SOCs in the graphene. Re-
sults of the present study show that both intrinsic and
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Fig. 7. (Color online) Energy gap of the strained graphene
in the presence of typical electric field of E = 1 V/nm as a
function of the strain strength in the zigzag (blue diamonds)
and armchair (red circles) directions. Solid lines show the fitted
curves.
Rashba SOCs could be effectively increased by the applied
strain. We show that uniaxial strain introduces a devia-
tion of the Rashba interaction from its symmetric form of
unstrained system. This deviation could be characterized
by a new parameter. We have shown that SOCs induced
band splittings can be tuned by changing the magnitude
and direction of the strain. Dependence of the effective
Hamiltonian parameters on the external electric field has
also been investigated in the present study. Besides, nu-
merical results show that, it is possible to manipulate the
form of energy dispersion in graphene.
The system response is meaningfully anisotropic for
the uniaxial strains. This is due to the anisotropic na-
ture of the uniaxial strain which has been imposed into
the real space configuration and also orbitals mutual ori-
entation. Accordingly, Hamiltonian characteristic param-
eters show different dependence on zigzag and armchair
uniaxial strains. Uniaxial strains induce anisotropy both
in the the real space atomic configuration and also inter
atomic orbitals overlap. Because the orbital orientation
in the deformed lattice is not merely determined by the
inter-atomic distance, one should take into account this
additional source of the anisotropy.
The SOC is responsible for small band gap of graphene
and uniaxial strains could effectively change the magni-
tude of the SOC induced band gap of the system. There-
fore, the band gap could be controlled by the strain. Be-
sides, it was realized that zigzag and armchair strains give
different functionality of band energy gap. This is due to
the same anisotropy which has been discussed before.
Another important point which should be addressed
in the present investigation is that the uniaxial strain
breaks the symmetry of the conduction and valence bands
in which the strain induces an indirect band gap in the
sample. As mentioned before in unstrained graphene the
Rashba interaction is responsible for |Apz ↑〉 ↔ |Bpz ↓〉
transitions in K point and |Apz ↓〉 ↔ |Bpz ↑〉 transitions
in K ′ Dirac point. It has been realized that the uniaxial
strain deforms the symmetric dependence of the Rashba
coupling so that the above valley resolved picture of spin
and pseudo-spin transitions in the unstrained graphene
has been completely destroyed. In the other words both
type of the mentioned transitions are possible (however,
with different transition amplitudes) at each of the Dirac
points in strained graphene.
Because the functionality and strength of the spin-
orbit couplings can be controlled by the amount and di-
rection of the applied strain (regarding the importance of
the strain engineering in the valley and pseudo-spin polar-
ization), it can be expected that the strain may play the
same important role in the field of spintronics as it plays in
subject of valleytronics and pseudo-spintronics [37,38]. In
addition, spin-polarization at the boundaries [39] of finite-
width graphene nano-ribbon, in non-equilibrium regime
could effectively control pseudo-spin polarization via the
Rashba interaction that couples electron spin and pseudo-
spin degrees of freedom. Meanwhile, it could be interesting
to determine the possibility of spin and pseudo-spin ex-
change by Rashba interaction, since the Rashba coupling
strength can be modulated by external strain.
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Appendix A Lo¨wdin transformation
For a block shaped Hamiltonian given by:
H =
(
H0 T
T † ∆
)
, (20)
where H0 and ∆ are Hamiltonian matrix representation
in different subspaces and T represents the coupling of
these two subspaces, H can be reduced within the Lo¨wdin
method to an effective Hamiltonian of a subspace in which
the H0 has been presented. In this method we interested
in T -coupling modified H0 bands and it was assumed that
the matrix elements of block T are small relative to ∆
eigenvalues.
Consider a unitary matrix S that transforms the Hamil-
tonian to a block-diagonal matrix H˜:
H˜ = e−SHeS
' H + [H,S] + 1/2[H, [H,S]], (21)
where
S =
(
0 M
−M† 0
)
, (22)
in which M is a arbitrary Matrix.
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Since transformed Matrix H˜ must be block-diagonal,
M must be determined by this equation:
T +H0M −M∆+MT †M = 0. (23)
If we just keep second order of ∆−1 matrix M will be :
M ' T∆−1 +H0T∆−2. (24)
Now by neglecting the higher-order terms in ∆−1 and by
using the Eq. 21 for H˜, first block of the effective Hamil-
tonian is given by:
Heff ≈ H0 − T∆−1T †, (25)
which is the effective Hamiltonian in H0 related subspace.
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